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In the present work we consider the role that metric fluctuations could have upon the properties
of a Bose–Einstein condensate. In particular we consider the Bogoliubov space associated to it
and show that there are, at least, two independent ways in which the average size of these metric
fluctuations could be, experimentally, determined. Indeed, we prove that the pressure and the
speed of sound of the ground state define an expression allowing us to determine the average size of
these fluctuations. Afterwards, an interferometric experiment involving Bogoliubov excitations of
the condensate and the pressure (or the speed of sound of the ground state) provides a second and
independent way in which this average size could be determined, experimentally.
PACS numbers: 04.50+h, 04.20.Jb, 11.25.Mj, 04.60.Bc
I. INTRODUCTION
The mathematical and physical difficulties plaguing all
theoretical models behind a quantum theory of gravity
[1, 2] have spurred the so–called quantum gravity phe-
nomenology, a topic that can be defined as the observa-
tional and experimental search for deviations from Ein-
stein’s General Relativity, or from quantum field theory.
It embodies deformed versions of the dispersion relation
[3, 4], or deviations from the 1/r–potential and violations
of the equivalence principle [5, 6]. Of course, these afore-
mentioned cases do not exhaust the extant possibilities.
The use of cold atoms, either bosonic or fermionic, in this
context is a point already considered [7, 8]. In particular
the possibility of constraining the energy–momentum re-
lation resorting to cold atoms has already shown us that
this kind of systems could open up new landscapes in the
context of gravitational physics [9].
In the present work we consider the role that metric
fluctuations could have upon the properties of a Bose–
Einstein condensate. In particular we address the issue
of conformal metric fluctuations. Let us explain, briefly,
the meaning of this last sentence. In this context the
main idea corresponds to a Minkowskian background and
in addition small spacetime fluctuations are also present,
and they are a consequence of some quantum gravity sce-
nario. One of the assumptions in this approach is related
to the fact that these spacetime fluctuations emerge as
classical fluctuations of the background metric. There
are several possibilities around the type of fluctuations
that can be considered [10]. among the huge spectrum of
possibilities we may find the so–called conformal fluctu-
ations [11, 12]. They can be considered, mathematically,
the simplest case and entail a redefinition of the inertial
mass. In other words, the average size of this kind of
fluctuations, say γ, appears in the corresponding motion
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equations in the form m/(1 + γ), where m denotes the
usual inertial mass (when no fluctuations are present).
Clearly, an experimental outcome detects m/(1+γ), and
not m or γ separately. Of course, a possible objection
to the analysis of conformal fluctuations could be related
to its simplicity, which in physical terms implies a redef-
inition of the inertial mass. In this work we will show
that even the simplest case, i.e., conformal fluctuations,
is endowed with a richness that leads us to detectable
effects.
The idea in the present work is related to the possibility
of, by means of two or more experimental proposals, de-
ducing, separately, m and γ. It will be proved that, the
Bogoliubov space of a Bose–Einstein offers this option.
Indeed, we consider the Bogoliubov space associated to
a Bose–Einstein condensate and show that there are, at
least, two independent ways in which the average size of
these metric fluctuations can be, experimentally deter-
mined. Firstly, we consider the many–particle Hamilto-
nian of a bosonic gas, immersed in a homogeneous grav-
itational field, and, in addition, the effects of the metric
fluctuations upon the inertial mass will be introduced. It
will be shown that the pressure and speed of sound of the
ground state of the Bogoliubov space of the condensate
allow us to put forward and experiment which, in prin-
ciple, determines the average size of these fluctuations.
As a by product the value of m, i.e., the bare mass, can
also be obtained. Secondly, we analyze an interferomet-
ric experiment, resorting to Bogoliubov excitations, and
deduce the phase shift induced by the gravitational field
and the metric fluctuations. It will be proved that this
gravity–induced phase shift together with the pressure
(or the speed of sound) of the ground state of the Bogoli-
ubov space imply two expressions which determine the
size of these metric fluctuations, and also of m. In order
to understand better this argument, let us denote by vs
the speed of sound of the ground state of the Bogoliubov
space, and by ∆φ the aforementioned gravity–induced
phase shift of two Bogoliubov excitations. It will be
shown that, roughly said, m/(1 + γ) = f1(vs, a,N, V, g),
whereas m/
√
(1 + γ) = f2(∆φ, a,N, V, g). In this last
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2two expression f1 and f2 are two functions (deduced in
this work), and N,V, a, and g, denote the number of par-
ticles, volume of the container of the bosonic gas, scat-
tering length, and, finally, acceleration of gravity, respec-
tively. Clearly, f2/f1 =
√
1 + γ. In other words, the
experimental deduction of f1 and f2 leads us to the de-
termination of a characteristic of this metric fluctuations,
namely, γ = (f2/f1)
2 − 1. In a similar way we may find
an expression for m.
II. METRIC FLUCTUATIONS AND A WEAKLY
INTERACTING BOSE GAS
A. Metric fluctuations
Now we, succinctly, address the issue of metric fluctua-
tions. In this context a spacetime is present, the one can
be regarded as a classical background on which classical
fluctuations exist. [11]. We suppose they are a conse-
quence of a quantum theory of gravity where the micro-
scopic structure of spacetime exhibits quantum fluctua-
tions. These spacetime fluctuations modify our current
physics. Indeed, they entail a change of the motion equa-
tions. In this general scheme these fluctuations imply a
modified Schro¨dinger equation, in which the Laplacian
operator becomes (δij +γij)∂i∂j , where γ
ij > 0. [11, 12].
The simplest case involves the so–called conformal fluc-
tuations defined by the following conditions: γij = 0, if
i 6= j, whereas γxx = γyy = γzz = γ. We may rephrase
this last assertion stating that the idea of conformal fluc-
tuations is depicted by matrices proportional to the unit
matrix. Additionally, these fluctuations can be compre-
hended (at least partially) as redefinitions of the inertial
mass [12]. The new inertial mass for an atom (meff ) is
now given by
meff = m
(
1 + γ
)−1
. (1)
The parameter γ encodes the information concerning
the metric fluctuations and its value depends on the par-
ticle species under consideration. Clearly, they have to
be considered very small (otherwise its existence would
be a proved experimental fact). In addition, we do as-
sume that it has a particular sign, namely, it has to be
positive [12]. Additionally, (γ) depends upon the type of
particle [11, 12].
This last expression contains an experimental hurdle.
Indeed, notice that a kinematical experiment detects the
relation m
(
1 +γ
)−1
, but not m or γ, separately. At this
point we pose the main question that will be addressed
in this work: Could m and γ be measured separately?
B. Weakly interacting gas
As mentioned before, the main idea in this work in-
volves an experimental proposal for the detection of the
bare inertial mass, here denoted by m, and the average
size of our conformal fluctuations, the parameter γ. In-
deed, the Laplacian operator becomes, under this condi-
tion [11, 12].
∆γ = (δ
ij + γij)∂i∂j . (2)
This modification will be considered in the N–body
Hamiltonian operator (assuming that the gas is so dilute
that only the two–body interaction potential is required
[13]). Our model will be a Bose–Einstein gas enclosed in
a container of volume V , particles of the gas are atoms
with passive gravitational mass m and located at a height
l with respect to the Earths surface. The interaction
between two particles will be assumed to be dominated
by s–scattering, i.e., the temperature of the system is
very low (ka << 1, where ~k and a are the wave vector
and the scattering length, respectively) [14]. This entails
the following Hamiltonian for the N–body system.
Hˆ =
∑
~k=0
~2k2
2m
(1 + γ)aˆ†~kaˆ~k
+
U0
2V
∑
~k=0
∑
~p=0
∑
~q=0
aˆ†~paˆ
†
~qaˆ~p+~kaˆ~q−~k
+
∑
~k=0
mglaˆ†~kaˆ~k, (3)
U0 =
4pia~2
m
(1 + γ). (4)
Demanding γ = 0 we recover the usual result [15].
These operators (aˆ~k and aˆ
†
~k
) are bosonic creation and
annihilation operators, and fulfill the usual Bose com-
mutator relations. Very close to the temperature T = 0,
the second term in this Hamiltonian becomes [15]
∑
~k=0
∑
~p=0
∑
~q=0
aˆ†~paˆ
†
~qaˆ~p+~kaˆ~q−~k = N
2 + 2N
∑
~k 6=0
aˆ†~kaˆ~k
+N
∑
~k 6=0
(
aˆ†~kaˆ
†
−~k + aˆ~kaˆ−~k
)
. (5)
With this approximation the N–body Hamiltonian has
the following structure
3Hˆ =
U0N
2
2V
+mglN +∑
~k 6=0
[~2k2
2m
(1 + γ) +mgl +
U0N
V
]
aˆ†~kaˆ~k
+N
U0
2V
[
aˆ†~kaˆ
†
−~k + aˆ~kaˆ−~k
]
. (6)
This Hamiltonian can be diagonalized introducing the
Bogoliubov transformations [14]
bˆ~k =
1√
1− α2k
[
aˆ~k + αkaˆ
†
−~k
]
, (7)
bˆ†~k =
1√
1− α2k
[
aˆ†~k + αkaˆ−~k
]
. (8)
In this last expression the following definitions have
been introduced
k =
~2k2
2m
(1 + γ) +mgl, (9)
αk = 1 +
V k
U0N
−
√
V k
U0N
√
2 +
V k
U0N
. (10)
They fulfill the same algebra related to aˆ~k and aˆ
†
~k
, i.e.,
they are also bosonic operators. The final form for our
Hamiltonian is
Hˆ =
U0N
2
2V
+mglN
+
∑
~k 6=0
{√
k(k +
2U0N
V
)bˆ†~k bˆ~k
−1
2
[U0N
V
+ k −
√
k(k +
2U0N
V
)
]}
. (11)
The last summation diverges, a result already known
[16, 17], and this divergence disappears introducing the
so–called pseudo–potential method, which implies that
we must perform the following substitution [17]
− 12
[
U0N
V + k −
√
k(k +
2U0N
V )
]
→
− 12
[
U0N
V + k −
√
k(k +
2U0N
V )− 12k
(
U0N
V
)2]
. (12)
Finally, this last summation will be approximated by
an integral. It is noteworthy to mention that the original
expression has as lower limit the condition k 6= 0, which
implies that the integral has as lower limit the value mgl.
In other words,
− 1
2
∑
~k 6=0
[U0N
V
+ k −
√
k(k +
2U0N
V
)− 1
2k
(U0N
V
)2]
= − ~
2V
8mpi2
(8piaN
V
)5/2 ∫ ∞
mgl
f(x)dx. (13)
In this last expression we have that
f(x) = x2
[
1 + x2 − x
√
2 + x2 − 1
2x2
]
. (14)
In this last expression we have that
x =
√
kV
U0N
. (15)
With these conditions we deduce the final structure of
the N–body Hamiltonian
Hˆ = E0 +
∑
~k 6=0
Ek bˆ
†
~k
bˆ~k. (16)
In this last expression E0 denotes the energy of the
ground state of the corresponding Bogoliubov space [14].
E0 =
2pia~2N2(1 + γ)
mV
[
1 +
128
15
√
a3N
V pi(
1− 15
16
√
2
√
m2glV
4pia~2N(1 + γ)
)]
+Nmgl. (17)
On the other hand, we have that the energy of the
Bogoliubov excitations (Ek) is given by [14]
Ek =
√
k
(
k +
2U0N
V
)
. (18)
Concerning (16), if we impose the condition of vanish-
ing gravitational constant, i.e. g = 0, then we recover
the usual Hamiltonian [17].
C. Speed of sound and pressure of the ground state
The pressure (P0 = −∂E0∂V ) and speed of sound (vs =√
− V 2Nm ∂P0∂V ) associated to the ground state of the Bo-
goliubov space become, respectively
P0 =
2pia~2N2(1 + γ)
mV 2
[
1 +
192
15
√
a3N
V pi(
1− 5
8
√
2
√
m2glV
4pia~2N(1 + γ)
)]
, (19)
4v2s =
4pia~2N(1 + γ)2
m2V
[
1 + 16
√
a3N
V pi(
1− 1
2
√
2
√
m2glV
4pia~2N(1 + γ)
)]
. (20)
A fleeting glimpse at these last expressions tells us that
they depend upon the bare inertial mass and on the size
of the fluctuations, i.e, upon m and γ, respectively.
Notice that they imply the following relation
m√
1 + γ
=
v2spia~2N3(1 + α)
2 − P 20 V 3
(
1 + 54α
)
2αv2spia~2β(1 + α)− P 20 V 3αβ
,(21)
α =
192
15
√
a3N
V pi
; β =
5
8
√
2
√
glV
4pia~2N
. (22)
Clearly, it does not contain the usual relation, namely,
m(1+γ)−1. Consider the kinematical relation associated
to U0 (see (4)). If F denotes the right–hand side of (21),
then we obtain
√
(1 + γ) =
FU0
4pia~2
, (23)
m =
F 2U0
4pia~2
. (24)
These two last expression allows us to deduce m and
γ, separately. The right–hand side of them involves pa-
rameters which can be detected experimentally.
D. Bogoliubov excitations and metric fluctuations
We now present a second manner in which m and γ
could be detected separately. Here we will resort to the
properties of Bogoliubov excitations of the condensate. It
is already known [14] that, even at T = 0, the presence of
two–body interactions entail the existence of excitations
in the condensate [15, 17], whose energy is given by (18).
At this point we consider two Bogoliubov excitations lo-
cated, initially, at point (A) (see figure 1), and whose
wave vector fulfills the following condition
~2k2
2m
(1 + γ) +mgl >
2U0N
V
. (25)
Then, we have, approximately
Ek =
~2k2
2m
(1 + γ) +mgl +
4pia~2N(1 + γ)
mV
. (26)
FIG. 1. The interferometer with arm lengths l1 and l2. The
source for the Bose-Einstein-Condensates is located at point
A, where it is coherently split into two sub-condensates which
travel along different paths. Finally, due to the different times
of flight, the phase shift ∆φ can be detected at the detector
at point D by means of the interference pattern.
These conditions allow us to consider an interferomet-
ric proposal along the lines of a semi–classical approxi-
mation. In other words, we consider an experiment simi-
lar to the Colella–Overhauser–Werner idea [18–21]. This
last experiment shows the effects of the gravitational field
of the Earth upon the phase shift of two neutron beams.
Here we consider the same kind of proposal but with a dif-
ferent intention. Indeed, we seek for an extra expression
whose dependence is not of the kind [m(1+γ)−1]s, where
s is a real number. We now resort to the WKB approx-
imation in order to deduce the corresponding gravity–
induced phase shift [22].
The time of flight for the beam moving along the path
(A)–(B)–(D) reads
(1)t =
ml1
(1 + γ)~k0
+
1
g
[ (1 + γ)
m
~k0
−
√( (1 + γ)
m
~k0
)2
− 2gl2
]
. (27)
Concerning (A)–(C)–(D) the time of flight is
(2)t =
1
g
[ (1 + γ)
m
~k0 −
√( (1 + γ)
m
~k0
)2
− 2gl2
]
+
√
l21( (1+γ)~k0
m
)2 − 2gl2 .(28)
In these last expressions k0 denotes the wave number
at point (A). These expressions are valid for short times
of flight or for large velocities for the motion of the centre
of mass of the BEC. Additionally, we have also assumed
that the line passing through points (B) and (D) is par-
allel to the direction of the gravitational field. If this
line forms an angle θ with the gravitational field, then
our expression remains valid but now we have an effec-
tive gravitational acceleration given by g cos(θ). Clearly,
with these two flight times we may deduce, easily, the
5difference in time of arrival [22] and, in consequence, the
gravity–induced phase shift, here denoted by ∆φ.
∆φ =
m2gl1l2
(1 + γ)~2k0
[
1− 2m
2gl2
(1 + γ)~2k20
]
. (29)
Introducing the condition γ = 0 we recover the COW
result [22]. We now notice that this phase shift contains a
dependence of the kind m2/(1+γ). Taking the predomi-
nant term in the expression for the gravity–induced phase
shift and resorting to our previous results concerning the
speed of sound of the ground state (see (20)) we may,
separately, deduce m and γ. Indeed (here λ0 denotes the
wavelength at (A) divided by 2pi) ,
m =
vs∆φ~2
gl1l2λ0
√
V
4piaN
[
1− 16
√
a3N
piV
]
. (30)
In a similar way we find that
γ =
v2s∆φ~2
gl1l2λ0
V
4piaN
[
1− 32
√
a3N
piV
]
− 1. (31)
In the deduction of these last two expressions we have
resorted to the speed of sound of the ground state, nev-
ertheless, the pressure could have been used, as well.
III. CONCLUSIONS
We have introduced into the N–body Hamiltonian the
effects of conformal fluctuations of the metric, which are
usually associated to a redefinition of the inertial mass of
the involved particles, i.e., mass appears as m(1 + γ)−1.
Two different manners in which, experimentally, these
two parameters could be detected have been put forward.
At this point we must emphasize the fact that the
present work contains an experimental proposal aimed
at the detection of some properties of quantum fluctua-
tions. Firstly, the deduction of the pressure and speed of
sound of the ground state of the Bogoliubov space have
been calculated. These expressions allow us, when com-
pared against U0, to achieve our goal. Secondly, an inter-
ferometric proposal, resorting to Bogoliubov excitations
has been analyzed. It has been shown that the gravity–
induced phase shift, along with the pressure (or speed
of sound) of the ground state, renders a second way in
which we may, in an experiment, deduce, separately, m
and γ. It is noteworthy to mention that this approach
can be used in the context of deformed dispersion rela-
tions. Let us explain better this idea. The breakdown
of Lorentz symmetry appears as a consequence in some
quantum gravity models [23]. The possibilities that cold
atoms offer in this direction has already been considered,
though the role that Bogoliubov excitations could play in
this context has not been analyzed yet. In other words,
the present proposal can be considered as some kind of
complementary study to [9].
Of course, an important point in this context is the
feasibility of the detection of the pressure and speed of
sound of the ground state of a Bose–Einstein condensate.
The speed of sound of a Bose–Einstein condensate, com-
prising sodium atoms, has already been measured [24],
though, of course, more experimental work is needed in
this realm. In other words, the present proposal does not
seem to be, in this direction, very far from the present
technology. As an additional bonus related to the present
work let us mention the connection with the Einstein
Equivalence Principle (EEP) [25], namely, the famous
“semicolon goes to coma rule”. This principle tells us
that locally the laws of physics are the special–relativistic
laws. We may rephrase this statement asserting that lo-
cally the gravitational field can be gauged away. In other
words, in a freely falling frame the pressure and speed
of sound, related to the ground state of the Bogoliubov
space must be given by our expression, if g = 0. Simi-
larly, the gravity–induced phase shift shall vanish. This
kind of experiments are, currently, a hot topic in gravita-
tional physics [26], since nowadays it is possible to create
condensates, in a regular basis, under microgravity. The
present idea can also be considered as a proposal for the
use of Bogoliubov fluctuations as an additional tool for
experiments in fundamental physics. This kind of exper-
iments are, currently, a hot topic in gravitational physics
[26], since nowadays it is possible to create condensates,
in a regular basis, under microgravity. The present idea
can also be considered as a proposal for the use of Bogoli-
ubov fluctuations as an additional tool for experiments
in fundamental physics.
Finally, a heated debate concerning the role that atom
interferometry plays in the context of gravitational shift
(universality of clock rates) erupted recently [27, 28].
Clearly, at least one of these two interpretations has to
be wrong. The aforementioned discussion shall not be
neglected since it addresses an important and fundamen-
tal aspect in gravitational physics. The present proposal
puts forward the possibility of carrying out, with Bogoli-
ubov excitations, a similar experiment. In other words, it
offers the option of an interferometric experiment with-
out resorting to atoms [27, 28], or to neutrons [7, 8].
Maybe this new case could shed some light upon this
debate.
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